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In this paper, numerical study of heat transfer in a conical annular cylinder fixed with saturated porous
medium is presented. The heat transfer is assumed to take place by natural convection and radiation. The
inner surface of conical cylinder is maintained at uniform wall temperature. The governing partial differ-
ential equations are non-dimensionalised using suitable non-dimensional parameters and then solved by
using finite element method. The porous medium is divided using triangular elements with uneven ele-
ment size. A computer software is used to solve the coupled momentum and energy equations in an iter-
ative manner. The results are discussed for various values of geometric and physical parameters of porous
medium with emphasis on cone angle of the cylinder. It is seen that the cone angle plays a vital role in
heat transfer from the hot surface to porous medium.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction considered a vertical cone embedded in a porous medium to study
The heat transfer and other phenomena in porous media have
become hot topics of research during the last few years, which is
reflected in number of articles being published, addressing various
problems related to porous medium. The research efforts directed
towards porous medium is justified by the fact that it is used in
various applications covering a wide range of engineering and sci-
ence disciplines such as geophysics, petroleum engineering, oil
recovery techniques, thermal insulation of building, cooling of nu-
clear reactors, heat exchangers etc. The research work focusing dif-
ferent aspects of porous medium has been well documented.
Recent books by Nield and Bejan [1] Vafai [2,3] Pop and Ingham
[4] provide a good understanding of the subject and also give the
clear picture of research work being carried out in this field. Nath
and Satyamurthy [5] have used finite difference method to investi-
gate free convection heat transfer in an annular cylinder filled with
porous medium. Prasad and Kulacki [6] have analyzed the natural
convection in a vertical porous annulus. They found that the local
rate of heat transfer is much higher near the top edge of the cold
wall. Prasad et al. [7] have carried out experimental investigations
of natural convection in a vertical annulus filled with saturated
porous medium. Irfan et al. [8] have investigated the effect of radi-
ation and viscous dissipation in an annular porous medium. Yih [9]
has studied the effect of radiation on natural convection over a ver-
tical cylinder using finite difference method. Yih [10] also
ll rights reserved.

+603 79675317.
. Badruddin).
the boundary layer analysis for uniform lateral mass flux effect on
natural convection of non-Newtonian power-law fluids. Ching-
Yang Cheng [11] has used an integral approach to investigate heat
and mass transfer by natural convection from truncated cones in
porous media. Murthy and Singh [12] have studied the thermal
dispersion effects over a cone with the help of similarity solution.
The analytical solutions for MHD fully developed upward or down-
ward natural-convection velocity and temperature profiles for four
boundary conditions in an open-ended vertical concentric porous
annuli has been presented by A1-Nimr [13]. Chamkha [14] has
considered the steady, laminar, free convection flow along a verti-
cal cone and a wedge immersed in an electrically conducting fluid-
saturated porous medium in the presence of a transverse magnetic
field. The effect of thermal radiation on the non-Darcy natural con-
vection flow over a vertical cone and wedge embedded in a porous
medium with variable viscosity and wall mass flux was analyzed
by Al-Harbi [15].

On the other hand, the porous medium fixed with the complex
geometry such as an annular cylinder resting over annular cone
has not been given attention. Such geometries are used in various
types of biomass gasifiers. The present study is focused to investi-
gate the heat transfer in a porous medium fixed within an annulus
resting on an annular cone.

2. Analysis

Consider the porous medium fixed within an annular conical
cylinder as shown in Fig. 1. The conical cylinder has an inner and
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Nomenclature

Ar aspect ratio = H/L
cp specific heat (J/kg oC)
g gravitational acceleration (m/s2)
H height of cylindrical portion of geometry (m)
h height of the conical portion of geometry (m)
k thermal conductivity (W/m oC)
K permeability of the porous medium (m2)
L =ro � ri (m)
Nu average Nusselt number respectively
qr radiation flux (W/m2)
r, z cylindrical co-ordinates (m)
�r;�z non-dimensional co-ordinates
Rr radius ratio = ro � ri=ri

Ra Rayleigh number
Rd radiation parameter
T; T dimensional (oC) and non-dimensional temperature

respectively
u,w velocity in r and z directions (m/s)

Greek symbols
a thermal diffusivity (m2/s)
b coefficient of thermal expansion (1/oC)
bR absorption coefficient (1/m)
h cone angle = tan�1(L/h)
q density (kg/m3)
m coefficient of kinematic viscosity
r Stephan Boltzmann constant
w stream function
w non-dimensional stream function

Subscripts
h hot
1 conditions at outer radius
i inner
o outer
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outer radius as ri and ro respectively. The angle h is measured be-
tween the hot and cold surface at the lower corner of the cone.
The r and z axis indicate the radial and vertical direction of the
geometry being considered. The inner surface of conical cylinder
is maintained at isothermal temperature Th and the surface along
the outer radius is set to T1. The upper surface of conical cylinder
is adiabatic.

The following assumptions are applied to the problem under
consideration.

� Porous medium is saturated with fluid.
� The fluid is assumed to be gray emitting and absorbing but non-

scattering.
� The fluid and medium are in local thermal equilibrium

everywhere.
� The porous medium is isotropic and homogeneous.
� Fluid properties are constant except the variation of density.

For the problem under consideration, the equations governing
the heat and fluid flow inside the porous medium can be given as:

@ðruÞ
@r
þ @ðrwÞ

@z
¼ 0 ð1Þ
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h 

ri
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Fig. 1. Conical cylinder filled with porous medium.
Velocity in radial and vertical direction is:
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Invoking Boussinesq approximation as:

q ¼ q1½1� bðT � T1Þ� ð2bÞ

Mathematical operation on Eqs. (2a) and (2b) results as:
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Energy equation is given as:
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The continuity Eq. (1) can be satisfied by introducing the stream
function w as:

u ¼ �1
r
@w
@z

; w ¼ 1
r
@w
@r

ð4Þ

The boundary conditions are:

at 0� z�ðHþhÞ & r¼ ri; T ¼ Th; u¼0; w¼0 ð5aÞ
at 0:001� z�ðHþhÞ & r¼ ro; T ¼ T1; u¼0; w¼0 ð5bÞ

Invoking Rosseland approximation for radiation

qr ¼ �
4r
3bR

@T4

@r
ð6Þ

Expanding T4 about T1 using Taylor series and neglecting higher
order terms [16] results:

T4 � 4TT3
1 � 3T4

1 ð7Þ

The following non-dimensional variables are used:

�r ¼ r
L
; �z ¼ z

L
; w ¼ w

aL
; T ¼ ðT � T1Þ

ðTw � T1Þ
;

Rd ¼
4rT3

1
bRk

; Ra ¼ gbTDTKL
ma

:

ð8Þ

After substituting the above non-dimensional parameters, Eqs. (3)
and (6) take the form:
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The corresponding boundary conditions are:

at 0 � �z � H þ h
L

& �r ¼ �ri; T ¼ 1; w ¼ 0 ð11aÞ

at
0:001

L
� �z � H þ h

L
& �r ¼ �ro; T ¼ 0; w ¼ 0 ð11bÞ
10 20 30 40 50 60 70 80
1

1.5

Angle

Rr = 0.5

Fig. 3. Average Nusselt number variation with cone angle and radius ratio.
2.1. Numerical method

Eqs. (2a) and (2b) are coupled partial differential equations to
be solved in order to predict the heat transfer behavior. In the
present work, finite element method is employed to get the
solution of above mentioned coupled equations. A simple 3 nod-
ded triangular element is used to descritise the porous medium.
The solution variables T and w vary linearly inside the element
and can be expressed as:

T ¼ N1T1 þ N2T2 þ N3T3 ð12aÞ
w ¼ N1w1 þ N2w2 þ N3w3 ð12bÞ

where N1, N2, N3 are shape functions. Integrating Eqs. (2a) and
(2b) using Galerkin method yields two coupled matrix form of
equations. Details of FEM can be obtained from [17,18] These
coupled matrix equations for an element is assembled to get
the global matrix equation for the whole domain, which is solved
iteratively to obtain T and w in the porous medium. In order to
get accurate results, tolerance level of solution for T and w are
set at 10�5 and 10�9 respectively. The tolerance level indicates
the difference between previous iteration and current iteration
Table 1
Nu comparison to validate present method.

Aspect
ratio

Nath and
Satyamurthy [5]

Prasad and
Kulacki [6]

Rajamani et al.
[19]

Present

3 3.81 3.70 3.868 3.8038
5 3.03 3.00 3.025 2.9830
8 2.45 2.35 2.403 2.3749
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Fig. 2. Average Nusselt number variation with cone angle and aspect ratio.

Fig. 4. Average Nusselt number variation with cone angle and Rayleigh number.

Fig. 5. Average Nusselt number variation with cone angle and Radiation parameter.
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for a variable at all nodes. Fine mesh is used in the areas where
large variations in solution variables T and w are expected. While
meshing the domain, it is taken care that the mesh size does not
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Fig. 7. Isotherms and streamlines for different value
influence the solution. A mesh independent study is carried out
and then a mesh size of 3024 elements is selected. The computa-
tions are carried out on a high end computer. The results are pre-
sented in terms of average Nusselt number at the hot surface of
the annular conical cylinder, with respect to various parameters
such as the angle of cone h, aspect ratio H/L, radius ratio
(ro � ri)/ri radiation parameter and Rayleigh number. The average
Nusselt number is defined as
Nu ¼ �
R �z

0 ð1þ
4Rd

3 Þ @T
@�r j�r¼�ri

�z
ð13Þ

The present methodology is verified by comparing the results
with those of earlier published data. In order to make a common
platform for comparison, the present problem is reduced to a
porous medium fixed in an annulus. This is done due to unavail-
ability of data for the geometry being considered in the present
work. Table 1 shows the comparison between present results
and those published earlier [5,6,19]. It is obvious from Table 1.
that the present method has good agreements with the previous
results and thus encourages to further predict the behavior of
heat and fluid flow inside the porous medium fixed within an
annular conical cylinder.
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3. Results and discussion

Fig. 2 shows the average Nusselt number variation with the an-
gle of conical cylinder corresponding to three values of aspect ratio,
0.5, 1 and 3.The other parameters being Ra = 100, Rd = 1 and Rr = 1.
As obvious from the figure, the average Nusselt number increases
with increase of angle of the conical cylinder. The average Nusselt
number increases with increase in the aspect ratio of the cylindri-
cal portion of the conical cylinder. At higher cone angle, the Nusselt
number variations with respect to change in the aspect ratio are
marginal.

Fig. 3 shows the average Nusselt number variation with respect
to different values of radius ratio of the conical cylinder. The radius
ratio is the ratio of width of the porous medium inside the cylinder,
to the inner radius of cylinder. Fig. 3 shows Nusselt number values
corresponding to radius ratio 0.5, 2 and 3. The other parameters
being Ar = 2, Ra = 500, Rd = 3. It can be seen from Fig. 3 that the
average Nusselt number increases with the increase in angle as
well as the radius ratio of the conical cylinder.

Fig. 4 shows the average Nusselt number variations with re-
spect to cone angle and Rayleigh number. The figure corresponds
to Ar = 2, Rd = 1 and Rr = 1. As expected, the average Nusselt
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Fig. 8. Isotherms and streamlines for different values
number increases with increase in the Rayleigh number. It can be
inferred from the figure that, the effect of cone angle is stronger
at higher values of Rayleigh number thus the line corresponding
to Ra = 300 is steeper than the line corresponding to Ra = 100.
Fig. 5 reflects the variations of average Nusselt number behavior
with respect to cone angle and the radiation parameter. This figure
corresponds to the values Ar = 2, Ra = 100, Rr = 1 As seen in the
Fig. 5, the average Nusselt number increases with increase in the
radiation parameter.

Fig. 6 demonstrates the average Nusselt number variations with
respect to aspect ratio of the cylinder. The figure is obtained for
three different values of cone angle 30�, 45� and 60�. The other con-
stant parameters for Fig. 6 are Rd = 1, Ra = 100 and Rr = 1. The aver-
age Nusselt number increases with increase in aspect ratio Ar, and
then decreases marginally with subsequent increase in the aspect
ratio of cylindrical portion. The variation in Nusselt number be-
yond certain value of Ar is unnoticeable. It can be recalled here
that, in an annular porous cylinder, the average Nusselt number
first increases, reaches a maximum value at an aspect ratio around
1 and then declines. The decline of Nusselt number in an annular
porous medium is quite noticeable, which is not observed in the
present case (conical cylinder) especially for cone angle less than
1.2 1.4 1.6 1.8 2 1 1.5 2
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5
1.2 1.4 1.6 1.8 2 1 1.5 2

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

c
of aspect ratio (a) Ar = 0.5, (b) Ar = 1, (c) Ar = 4.



N.J.S. Ahmed et al. / International Journal of Heat and Mass Transfer 52 (2009) 3070–3078 3075
60�. It is also observed though not noticeable in Fig. 6 that, if the
cone angle is increased then the marginal decline of average Nus-
selt number begins at lower aspect ratio. For instance at h = 45�,
the decline of average Nusselt number begins at Ar > 3, however
for h = 60�, the Nusselt number starts decreasing at Ar > 1.9.

Fig. 7 shows the isotherms and streamlines for different values
of cone angle. This figure corresponds to Rd = 1, Ra = 100, Rr = 1 and
Ar = 2. It is obvious from the figure that the isotherms move to-
wards the hot surface as angle of the cone increases. This indicates
that the heat transfer from hot surface of the conical cylinder to the
porous medium increases with increase in the cone angle. It is also
clear from isotherms that the temperature gradient at the hot sur-
face goes on decreasing as the height of the cylinder increase. The
temperature gradient at upper hot surface is substantially low
since the isothermal line moves away from the hot surface thus
indicating that the heat transfer is low in this region compared
to the lower portion of the conical cylinder. The movement of
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Fig. 9. Isotherms and streamlines for different value
the fluid is indicated by streamlines. The fluid moves upward to-
wards the hot surface and flows across the porous medium then
falls towards the cold surface of the cylinder to complete the cycle.
The circular cell of the fluid movement is concentrated at the upper
half of the cylinder for low cone angle, but it moves downwards as
the angle of the cone increases. It is also observable from the figure
that the circular cell of fluid movement changes its angle of orien-
tation as the angle of cone changes. At lower cone angle, the cell is
oriented almost towards the upper right and lower left corner of
the cylinder. As the angle of cone increases the cell orientation
turns parallel to the vertical cylinder.

Fig. 8 reflects the isothermal lines and streamlines variations
with respect to aspect ratio of the cylindrical portion of the conical
cylinder. The figure is obtained for three values of aspect ratio i.e.
Ar = 0.5, 1 & 4 corresponding to Rd = 1, Ra = 100, Rr = 1 and h = 45.
The isothermal lines reveal that the increase in the aspect ratio
leads to crowding of isothermal lines at lower left and upper right
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corner of the conical cylinder. There is continuous variation in the
temperature gradient for major portion of hot surface at lower as-
pect ratio (Fig. 8a) indicating that the heat transfer rate continu-
ously varies along the height of the cylinder which is not the
case at higher aspect ratio (Fig. 8c). The fluid circulation changes
orientation as the aspect ratio increases.

Fig. 9 shows the isothermal lines and streamlines for various
values of radius ratio. This figure corresponds to the values
Rd = 1, Ra = 100, Ar = 2 and h = 45. It can be seen from Fig. 9 that
the isothermal lines move towards the hot surface. It is observable
that the penetration of heat into the depth of porous medium re-
duces with increase in the radius ratio. The fluid circulation centre
shifts towards upper half of the cylinder when radius ratio
increases.

Fig. 10 reveals the streamline and isothermal line behavior with
respect to Rayleigh number. This figure is obtained for Ra = 100,
1 1.5 2
0

0.5

1

1.5

2

2.5

3

1 1.
0

0.5

1

1.5

2

2.5

3

1 1.5 2
0

0.5

1

1.5

2

2.5

3

1 1.5
0

0.5

1

1.5

2

2.5

3

 ba 
Fig. 10. Isotherms and streamlines for different values of Ra
500 & 1000 at Rd = 5, Rr = 1, Ar = 2, h = 45. The heat transfer rate in-
creases substantially with increase in Rayleigh number which is
clearly observable in Fig. 10. The isothermal lines gets distorted
and crowded near lower left corner and upper right corner of the
cylinder showing an increase in the heat transfer in these areas
of conical cylinder. It is also notable that the distortion of isother-
mal lines occurs in the conical portion of the cylinder. The fluid ori-
entation turns towards the upper right and lower left corner of the
conical cylinder when Rayleigh number is increased. As obvious
from streamlines, the fluid velocity increases with increase in the
Rayleigh number. Fig. 11 demonstrates the effect of radiation
parameter on the streamlines and isothermal lines. This figure is
obtained for Ra = 100, Rr = 1, Ar = 2, h = 45. Fig. 11a corresponds
to natural convection when radiation effect is absent. The distor-
tion of isotherms decrease with increase in the radiation
parameter.
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Fig. 11. Isotherms and streamlines for different values of Radiation parameter (a) Rd = 0, (b) Rd = 0.5, (c) Rd = 2.
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4. Conclusion

The present study investigates the heat transfer behavior inside a
porous medium fixed within a complex geometry with cone and cyl-
inder merged together. Finite element method is used to solve the
complex partial differential equations. The results indicate that the
cone angle of the conical cylinder has strong influence on average
Nusselt number. The average Nusselt number increases with in-
crease in the cone angle. It is seen that the average Nusselt number
increases sharply at higher values of cone angle. The average Nusselt
number increases with increase in aspect ratio until certain value of
Ar and then remains almost constant at lower cone angle. The iso-
thermal lines move towards the hot surface as angle of the cone in-
creases which leads to increased heat transfer rate. The circular cell
of the fluid concentrates at the upper half of the cylinder for low cone
angle, but it moves downwards as the angle of the cone increases.
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